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ABSTRACT

This work presents a mathematical model for the propagation of Kinetic Alfven waves in an inhomogeneous
magnetized plasma containing multiple ion species under the influence of a loss-cone distribution function. In space plasma
environments, variations in magnetic field strength and plasma density significantly affect the behavior of electromagnetic
waves and their interaction with charged particles. In this study, these inhomogeneities are incorporated into the analysis to
examine their influence on wave dispersion and resonance processes. The model also considers finite temperature effects and
temperature anisotropy, which play an important role in determining the characteristics of Kinetic Alfven waves. The
presence of a loss-cone distribution leads to strong anisotropy in velocity space, which can modify the stability of the wave by
causing either amplification or attenuation depending on the pitch-angle distribution of particles. Particle motion is analyzed
using the guiding-center approximation to investigate the exchange of energy between particles and electromagnetic field
perturbations. The results contribute to a better understanding of wave—particle interaction mechanisms in space plasma
systems such as the Earth’s magnetosphere.

KEYWORDS: Kinetic Alfven Waves, Loss-Cone Distribution, Multi-lon Plasma, Magnetized Plasma, Wave—Particle Interaction,
Plasma Inhomogeneity, Finite Larmor Radius, Guiding-Center Approximation

INTRODUCTION of Kinetic Alfven waves. Consequently, these waves are
widely recognized as important agents in theoretical
models describing magnetosphere—ionosphere coupling.
Field-aligned currents form a fundamental component of
magnetized plasma systems, particularly in processes that
couple the magnetosphere with the ionosphere. Within
the magnetohydrodynamic (MHD) approximation—
applicable when the temporal and spatial scales of
perturbations are much larger than the ion gyro period
and ion gyro radius—any localized disturbance along a
magnetic flux tube requires the development of field-
aligned currents to transmit information along the entire
magnetic field line. Such currents become especially
significant in situations where different dynamical
regions remain magnetically connected through the same
field lines. Under these circumstances, plasma density
inhomogeneities in the plasma sheet region can excite
Kinetic Alfven waves, which then propagate along
magnetic field lines toward the ionosphere. Earlier
theoretical descriptions of Alfven waves in the
magnetosphere were primarily based on simplified cold-
ion assumptions within the MHD framework. However,
such approximations are not always sufficient for realistic
magnetospheric ~ conditions. In  the  equatorial
magnetosphere, ions often possess finite temperatures,
and the corresponding Finite Larmor radius (FLR) effects
of warm ions become important in determining the
perpendicular wavelength of Kinetic Alfven waves. The
inclusion of FLR corrections introduces the necessary
dispersive behavior that limits the transverse scale length

The dispersion characteristics, instability growth rate, and
field-aligned current generation in the auroral
acceleration region have previously been investigated
within the theoretical framework of Kinetic Alfven waves
(KAWSs). Extending that investigation, the present study
concentrates on a specific and physically significant
problem, namely the instability of drift Kinetic Alfven
waves produced by a loss-cone velocity distribution. The
main objective is to explore how the existence and
steepness of the loss-cone feature affect the dispersion
relation and instability growth rate of electromagnetic
drift Kinetic Alfven waves in an inhomogeneous
magnetospheric plasma. In addition to the conventional
single-ion approximation, the present analysis considers a
more realistic multi-ion plasma consisting of hydrogen
(H"), helium (He"), and oxygen (O") ions, which are
commonly observed in the Earth’s magnetospheric
environment. Kinetic Alfven waves represent one of the
fundamental electromagnetic wave modes in magnetized
plasmas and play a crucial role in several plasma
processes, including energy transport, particle
acceleration, plasma heating, and the generation of field-
aligned currents. These waves are also closely associated
with the interpretation of ultra-low-frequency (ULF)
emissions in the Earth’s magnetosphere. Both high-
latitude ULF phenomena and wave activities occurring
from equatorial to mid-latitude magnetospheric regions
have been successfully explained through the dynamics
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of magnetohydrodynamic wave structures. As a result, a
Kinetic treatment becomes essential for accurately
describing short-wavelength Alfvenic phenomena in
magnetospheric plasmas. The propagation and excitation
of Kinetic Alfven waves in inhomogeneous plasmas have
been investigated extensively in earlier theoretical
studies. These investigations demonstrated that drift wave
instabilities in finite-p plasmas are capable of exciting
Alfvenic modes. Since drift waves typically possess
perpendicular wavelengths comparable to the ion gyro
radius, the excited electromagnetic mode essentially
corresponds to a Kinetic Alfven wave. This concept was
originally introduced by Hasegawa and Chen in the
context of plasma heating processes. Subsequent
investigations have examined the role of Kinetic Alfven
waves in both homogeneous and inhomogeneous
magnetic field configurations within magnetosphere—
ionosphere coupling studies, largely using
magnetohydrodynamic  approaches. In  particular,
Leonovich and Mazur analyzed the propagation of
Kinetic Alfven waves in two-dimensional
inhomogeneous plasmas embedded in curved magnetic
field geometries. Most of the existing theoretical analyses
of Kinetic Alfven waves assume that plasma particles
follow  Maxwellian or  bi-Maxwellian  velocity
distributions. Such assumptions neglect the presence of
strong gradients that may arise in velocity space due to
the formation of loss-cone features. In magnetospheric
regions  characterized by  mirror-like  magnetic
configurations, such as the auroral zone where magnetic
field lines are curved and converge toward the
ionosphere, the particle distribution often deviates
significantly from a Maxwellian form. In plasmas with
low collisionality, strong anisotropies can naturally
develop, giving rise to pronounced loss-cone distributions
. The steepness of the loss-cone boundary plays an
important role in wave—particle interactions and can
considerably modify the growth and stability
characteristics of plasma waves. Another important factor
in magnetospheric plasma dynamics is the presence of
multiple ion species. Observations indicate that, besides
the dominant hydrogen ions (H"), heavier ions such as
helium (He*) and oxygen (O") frequently exist in
appreciable concentrations, particularly during disturbed
geomagnetic conditions. The presence of these additional
ion species introduces significant mass and charge effects
that influence the dispersion properties, resonance
conditions, and stability behavior of plasma waves.
Therefore, incorporating a multi-ion plasma consisting of
H*, He’, and O" ions provides a more realistic
representation of the magnetospheric environment and
allows a more comprehensive investigation of Kinetic
Alfven wave dynamics. To examine these effects, an
alternative theoretical framework known as particle
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aspect analysis is employed . This approach offers several
advantages over conventional magnetohydrodynamic
models, particularly in its ability to incorporate finite
larmor radius effects, temperature anisotropy, and non-
Maxwellian velocity distributions in inhomogeneous
magnetoplasmas. In this formulation, the plasma is
treated as a combination of resonant and non-resonant
particle populations, and the instability growth is
determined using the principle of energy conservation.
The analysis considers kinetic Alfvén waves propagating
obliquely with respect to a uniform background magnetic
field directed along the z-axis. Two scalar potentials in
the x—z plane are introduced to describe the perturbed
electromagnetic fields responsible for modifying the
trajectories of charged particles. The equilibrium plasma
density gradient is assumed to be oriented along the y-
direction. The presence of multiple ion species, namely
H*, He*, and O%, is incorporated into the formulation to
account for realistic magnetospheric plasma composition
and its influence on the propagation and instability
characteristics of drift Kinetic Alfven waves. In the
present analysis, Kinetic Alfven waves are assumed to
propagate obliquely with respect to a uniform background
magnetic field directed along the z-axis. Two scalar
potentials defined in the x—z plane are used to describe
the perturbed electromagnetic fields that influence the
motion of charged particles. The equilibrium plasma
density gradient is taken to be along the y-direction. The
theoretical formulation explicitly incorporates a multi-ion
plasma consisting of hydrogen, helium, and oxygen ions
in order to provide a more realistic representation of the
magnetospheric plasma composition and to examine how
the presence of these ions affects the propagation and
instability characteristics of drift Kinetic Alfven waves.
The propagation of inertial Alfven waves in the auroral
acceleration region is significantly influenced by the
presence of multiple ion species such as H*, He*, and O*.
Numerical analysis indicates that the wave frequency
varies approximately within the range of 0.5-18 s,
depending on the ion composition of the plasma. The
calculated parallel and perpendicular group velocities are
about 10° cm s!' and 10° cm s7!, respectively,
demonstrating efficient energy transport along magnetic
field lines. The characteristics of Kinetic Alfven waves in
the plasma sheet boundary layer (PSBL) are strongly
affected by the inclusion of heavy ions such as He" and
O* in addition to H*. The dispersion behavior was
analyzed over a range of the perpendicular wave
parameter kLlp;, showing that the wave frequency
decreases as the concentration of heavier ions increases.
The instability properties were also found to depend on
the loss-cone parameter, with noticeable differences
between J = 1 and J = 2. The behavior of Kinetic Alfven
waves in multi-ion plasma is considerably modified by
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the presence of a general loss-cone distribution function.
Numerical results show that variations in the loss-cone
index and heavy-ion density influence both the wave
frequency and the growth characteristics of the instability.
The different gyroradii of H*, He*, and O" ions introduce
noticeable changes in the dispersion properties of the
wave.

BASIC TRAJECTORIES

We have created the particle aspect analysis for
electromagnetic Kinetic Alfven waves in the current
model in lowp (P=2u.P/Bo*>) a general loss-cone
distribution function in an inhomogeneous plasma. The
wave in an anisotropic plasma is thought to travel in the
x-z plane, which is perpendicular to the density gradient.
We use the method described in ref. (Tiwari and Varma
1993, 1991, Varma and Tiwari 1992, Terashima 1967)
for the mathematical analysis.When the resonant particles
are undisturbed, it is believed that the Kinetic Alfven
wave begins at t=0. The Kinetic Alfven wave that meets
the criterion is of interest to us.

KZpZ <
G & )|

where Vr; and V. are the mean velocities of
ions and electrons along the magnetic field, ;. are
gyration frequencies and p;, the mean gyroradii of the
respective species.We have extended particle aspect
analysis for electromagnetic perturbations in this chapter.
In order to express electromagnetic perturbations in low-f
plasmas, we have chosen two potential representations

VTIIl << K << VTIIE’ w << .Qi,.(le;

du, q Vu 1K
. gk
dt m 0K, —
du; ¢ VK K,
=Lk, +
dt m 11
where u: = uytiuy, 0 is the initial phase of

velocity and Q = q Bo/mcuy and u, are the perturbed
velocities in the x and y directions respectively. Equation
(4) is solved by replacing the co-ordinates of charged
particles to that of free gyration (Tiwari and Varma 1993)
which provides perturbed velocity #(t). The perturbed

Vi ||K¢
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(Hasegawa and Chen 1975, 1976, Hasegawa and Mima
1978, Kadomtsev 1965). The compressional Alfven mode

is supposed to be decoupled by assuming, (VX E), =

—% = 0, that is taking into account only the effect of

the field line bending. This enables one to use a scalar
potential @ to express the perpendicular components of
the wave electric field,

EJ_ = _VJ_@
Because the wave is electromagnetic, however,

we have to use E; which is not equal to —g For E, we

hence use a different potential, ¥;
Ey=-V,¥,

and @ # ¥. The potentials @ and ¥ must satisfy
suitable field equations.We begin by considering the
wave electric field E of the form

E=E, +E
@ = @, cos(K,x + Kz — wt)

Y =W, cos(K,x + K;z — wt) - (2)

where @1 and Wi are assumed to be a slowly
varying function of time t, and ® is the wave frequency.
The equation of motion of particle is

dv

mor ..(3)

1
=q (E +-v X BO)
where the collisions between particles are
neglected. v can be expressed as a sum of the unperturbed
velocity Vand the perturbed velocity @ i.e. =V + i, is
determined by the following set of equations

(ﬂl - llul):l Sln(KJ_x + K"Z - (J)t)

4)

velocity w(t) can be further transformed to #(, t) by the
use of trajectories of free gyration once again (Tiwari and
Varma 1993). For the resonant particles it is necessary to
take into account the initial condition (7, t=0) = O,
inferred from the assumption stated above. Thus:

n-1t)

Sln(fnl - An 1t) +
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where § = 0 for the non-resonant particles and § = 1 for resonant one and
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Q
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i

i

Also use was made of particle trajectories. The terms represented by Bessel’s

+oo functions show the reduction of the field intensities due to
exp[—i i sin(0 — Qt)] = z I, () expl—in(6 — Q)] finite gyroradius effect.
- DISPERSION RELATION

To evaluate the dispersion relation, we calculate
the integrated perturbed density for non-resonant particles

n <
cos ¢ exp(—i u sing) = ;Z Ju (1) exp(ing)

The perturbed coordinates of the particles x, vy, %
and z are obtained by integrating equation (5), which r o
together with the free gyration trajectories show the flie = f Z”VLdVlf AVinie (7, 8) oo (7)
particles actual journey. Given the initial estimates, the 0 -

term n=0 makes up the majority of the contribution. The
resonant criterion is given by k;V;, — w = 0. Therefore,
this resonance condition means that the electrons see the
wave independent of t in the particles frame. The
particles satisfying the above conditions are called
resonant. J,(u) and J,;(u) are Bessel’s functions which
arise from the different periodical variation of charged

nl(f.t)=N(V)§]n(u)§]z(ﬂ)%{[¢1 % (g, - wl)][

with the help of the presence of Kinetic Alfven
waves for the inhomogeneous plasma and the genral lose-
cone distribution function we find for inhomogeneous
plasma
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where V, is the diamagnetic drift velocity which
is defined by
T, 1 0N
V= —
mQ N ay
where V; = 0, for the homogeneous plasma, and
T, is the perpendicular temperature. To calculate the
dispersion relation and growth rate we use the general
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loss-cone distribution function of the form (Tiwari and
Varma 1993, Gaelzer et. al. 1997, Wong et. al. 1985,
Dory et. al. 1965), For the general loss-cone distribution
function:

Ny, V)=

NV [1—e(y+ %)] o0 [ V2 VHZ]

7.[3/2VT2J§]+1)VT”]! ViV
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It is observed that the essential feature of the kinetic Alfven wave is retained even in this ideal case. For

Maxwell’s equation we use the quasi-neutrality condition,

and we get the relation between @ and ¥ as,

[
0?
J=-) —
ZLKHZ 2 VZ
[ Tlle

2
(A)pe

Kf (/+1)>

1
2 vEK, 07 m)\
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Using perturbed ion and electron densities 7i; and 7, and Ampere’s law in the parallel direction, we obtain the equation,

Vi@ - = Zat

Where,

.. (14)

Jo=e “2avav, [ :Od W (VD0 + Vi 7 0) = (NP, (8 + Vi D) |

and J, is the current density which is contributed by first order perturbations of density and velocity. With the
help of equation (13) and equation (14) we obtain the dispersion relation for kinetic Alfven wave in inhomogeneous

plasma as.
(1)2
2\
i Kzc? (1——Kf 20+ 1)
B Zl(lw Whe _K_”2
Kzﬂz Dy - 1 2
! @3 Ve (1 —5Kip( + 1)) @
2020 + 1))
WhereD, = ¥, (1 — %ks _ 28 m B
€rela = 2 Ty K}

w2 VE . . .
Where ¢Z =252 is the ion acoustic speed and
pe

2?2

vi = Cw?l is the Alfven speed. The dispersion relation of
pi

Kinetic Alfven wave reduces to that derived by Hasegawa

and Chen (1976) under the approximation, vy =0, ] =0

and I,(1;)e % ~1—2; (Terashima 1967), for A; =
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2p? <1 as we have applied. I,(4;) is the modified
Bessel function.

ENERGY BALANCE AND GROWTH RATE

Using the law of conservation of energy, we
calculate the growth rate of the drift Kinetic Alfven
waveby,

%(Ww N 174 T | S EIRIRRN ¢ 1))
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The oscillatory motion of non-resonant electrons
carries the major part of energy (Tiwari and Varma 1993,
Terashima 1967). The wave energy density per unit
wavelength Wy, is the sum of pure field energy and the
changes in energy of the non-resonant particles W . It is
observed that the wave energy is contained in the form of
the oscillatory motion of the non-resonant electrons
(Tiwari and Varma 1993, Terashima 1967). Thus

N AKFPE W},

w e 16w K2 <E)
Il m,

e (17)

Now we calculate the resonance energy W, of
the electrons per unit wavelength, that is

A o (w/Ky)+4v 1
W, =f dsf ZnVJ_dVlf [—Nmeu§
0 0 ( 2

w/Ky)-4v
+ nlmeuZV”] AVj o (18)
With the help of -equations (5),equation

(9),equation (10) and equation (18) expanding the
integrand around V= «/K; and following the procedure as
discussed in ref (Tiwari and Varma 1993, Terashima
1967), in the limiting case of K, p,<< 1 we obtain

Tie
AKPPE0Z, ot [‘*"Kﬂ’ﬁ (TT)]
1

8w 2 <T||e) 1
K\ | == 2T \2
Il me K” ( ||8)

me
myw?
exp (_ ZT”eK”z)
Where, KS =K -7and K = 2/ and w?;, =

pie
2
AntNge*/m;,

W, =7

e (19)

With the help of equation (17) and equation (19)
we have found the growth rate of the drift Kinetic Alfven

wave as,
YoSmo [E@
w K||VT||e TJ_e w

1] o
— xp | — ———
P KIIZV%IIe

2

] N ¢11)

where, V2 . = (2T, /m,); v& represents
electron diamagnetic drift velocity and the value of o for
drift Kinetic Alfven wave has to be substituted. It is noted

that the Kinetic Alfven wave can be excited only when

Tie > k, vew.Thus the Kinetic Alfven wave is excited as

Tie

the usual drift wave.
RESULTS AND DISCUSSION

The numerical investigation of the dispersion
relation, instability growth rate, and energy transfer of
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Kinetic Alfven waves (KAWS) has been carried out for
an inhomogeneous magnetoplasma consisting of multiple
ion species. The plasma model includes hydrogen (H"),
helium (He"), and oxygen (O") ions, which are frequently
observed in the Earth’s magnetosphere, particularly in the
auroral acceleration region. Because these ions possess
different masses, gyrofrequencies, and Larmor radii, their
presence significantly modifies the propagation
characteristics of the waves. The particle population is
assumed to follow a loss-cone type distribution, a
situation commonly found where charged particles travel
along converging magnetic field lines and some particles
escape toward the ionosphere. Such a distribution
introduces velocity anisotropy and supplies free energy
that can drive electromagnetic instabilities. Numerical
solutions of the dispersion relation reveal that the wave
frequency increases gradually  with  increasing
perpendicular wave number at smaller scales,
demonstrating the dispersive nature of Kinetic Alfven
waves. However, when finite ion gyroradius effects are
considered, the wave behaviour deviates from the simple
magnetohydrodynamic approximation and Kinetic effects
become important. Hydrogen ions mainly control the
wave dynamics at smaller spatial scales because of their
lower mass and higher gyrofrequency, whereas heavier
ions such as helium and oxygen become influential at
larger perpendicular wave numbers due to their larger
Larmor radii. The inclusion of oxygen ions increases the
effective mass density of the plasma, thereby reducing the
Alfven velocity and lowering the wave frequency
compared with a pure hydrogen plasma. Helium ions
introduce intermediate modifications to the dispersion
characteristics. When all three ion species are present, the
wave behaviour reflects their combined contribution, and
the steepness of the loss-cone distribution further
influences the wave frequency at higher wave numbers
through finite Larmor radius effects.

The instability growth rate obtained from the
imaginary component of the wave frequency shows that
the excitation of Kinetic Alfven waves occurs within a
specific range of perpendicular wave numbers. Initially,
the growth rate increases as the perpendicular wave
number increases, indicating strong wave—particle
interaction at intermediate spatial scales. The presence of
a loss-cone distribution significantly enhances the
instability because the anisotropic velocity distribution
provides a source of free energy for wave excitation. As
the steepness of the loss-cone distribution increases, the
available free energy also increases, leading to higher
growth rates. In this multi-ion plasma system, hydrogen
ions play a dominant role in the development of the
instability due to their ability to respond rapidly to
electromagnetic perturbations. Heavier ions such as
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helium and oxygen contribute mainly through their
inertial effects and tend to reduce the overall growth rate
because their larger mass limits their participation in
resonant wave-—particle interactions. Consequently, the
instability is confined to a limited range of wave
numbers, beyond which the growth rate decreases and
eventually approaches zero. The excitation of drift
Kinetic Alfven waves in this model is also closely related
to plasma density gradients across magnetic field lines.
These gradients produce diamagnetic drift motions that
provide additional free energy for wave growth.
Numerical calculations demonstrate that stronger density
gradients lead to higher growth rates, indicating that
inhomogeneous plasma environments such as those found
during geomagnetic disturbances and substorm events are
particularly favourable for the generation of Kinetic
Alfven waves.

The transfer of energy in the system occurs
through the interaction between the electromagnetic wave
field and the anisotropic particle population. In a loss-
cone distribution, particles with larger perpendicular
velocities possess excess Kinetic energy compared with
those moving parallel to the magnetic field, which allows
energy to be transferred to the wave through resonant
wave—particle interactions. The efficiency of this energy
transfer increases as the steepness of the loss-cone
distribution becomes larger, resulting in higher wave
amplitudes and stronger instabilities. In a multi-ion
plasma environment, this process is influenced by the
different masses and gyrofrequencies of the ions present.
Hydrogen ions interact most effectively with the wave
motion, while helium and oxygen ions mainly modify the
overall plasma inertia and influence the propagation
characteristics of the wave. The mirroring of particles in
the converging magnetic field near the ionosphere further
strengthens the loss-cone feature and enhances the
available free energy for wave growth. In a broader
intellectual context, the study of space plasma dynamics
also reflects the holistic scientific vision found in
Bhartiya Gyan Parampara, where natural phenomena are
understood as interconnected systems governed by
fundamental principles of energy and balance. Integrating
such traditional philosophical perspectives with modern
plasma physics research encourages a multidisciplinary
approach to scientific knowledge, supporting the goals of
21st-century education, innovation, and sustainable
technological advancement.

CONCLUSION

This research explores the properties of Kinetic
Alfven waves propagating in an inhomogeneous
magnetized plasma composed of multiple ion species,
namely hydrogen (H), helium (He*), and oxygen (O%),
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under the influence of a loss-cone type velocity
distribution. The numerical analysis reveals that the
presence of different ion species considerably alters the
dispersion behaviour of the waves because each ion has a
distinct mass and gyrofrequency. Hydrogen ions mainly
govern the wave behaviour at shorter spatial scales,
whereas heavier ions such as helium and oxygen become
more influential at higher perpendicular wave numbers.
The introduction of heavier ions decreases the wave
frequency since they increase the effective plasma mass
density, which in turn reduces the Alfven velocity. The
results further indicate that the instability growth rate is
strongly affected by the anisotropy associated with the
loss-cone distribution. When the steepness of the loss-
cone increases, the amount of free energy available in the
plasma also rises, leading to stronger wave instability. In
addition, gradients in plasma density play a significant
role in exciting drift Kinetic Alfven waves by producing
diamagnetic drift motions that supply additional energy
for wave amplification. The instability is observed only
within a certain interval of perpendicular wave numbers,
beyond which the growth rate gradually declines.
Hydrogen ions tend to enhance the instability due to their
rapid response to electromagnetic perturbations, while
heavier ions act to moderate or stabilize the system.
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